Abstract. We prove in this paper that the equation ∆pu + h = 0 on a p-hyperbolic manifold M has a solution with p-integrable gradient for any bounded measurable function h : M → R with compact support.
Introduction
The p-Laplacian of a function f on a connected oriented Riemannian manifold without boundary M is defined by ∆ p f = div(|∇f | p−2 ∇f ); it is the Euler-Lagrange operator associated with the functional M |∇f | p .
A function u ∈ W We introduce the p-Dirichlet space L 1,p (M ) of functions u ∈ W 1,p loc (M ) admitting a weak gradient such that M ∇u p < ∞. In [2] , the following result has been proved:
The goal of this paper is to prove the following result in the converse direction. The notion of p-hyperbolic and p-parabolic manifolds will be recalled below (see also [6] ). As an example, the euclidean space R n is p-hyperbolic if and only if p < n.
Remark. If M = R n with 1 < p < n and h ≥ 0, then equation (1) (and in fact a more general eigenvalue problem) is solved in [1] .
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Preliminaries on p-hyperbolicity
Definition. Let (M, g) be a connected Riemannian manifold, and K ⊂ M a compact set. For 1 < p < ∞, the p-capacity of K is defined by
The manifold M is said to be p-parabolic if Cap p (K) = 0 for all compact subsets K ⊂ M and p-hyperbolic otherwise. It is a well known fact that, in a p-hyperbolic manifold, the p-capacity of any compact set with non empty interior is always positive (see e.g. [6] ).
Let D ⊂ M be a non empty bounded domain. We introduce the Banach space
We denote by E p 0 the closure of
Proof. By hypothesis Cap p (D) = 0; hence for all > 0, there exists a function
The next lemma is the well known Poincaré inequality.
Lemma 2. Let D be any bounded regular domain in a Riemannian maniflold M and 1 ≤ p < ∞. Then there exists a constant A such that
A reference is [3, Lemma 3.8]. Combining this lemma with Hölder's (or Jensen's) inequality, we obtain
Corollary 1. There exists a constant
for all u ∈ W 1,p loc (M ).
Proposition 1. Suppose that M is p-hyperbolic and let D ⊂ M be as in Lemma 2. Then there exists a constant
Proof. Suppose that such a constant does not exist. Then for all ε > 0 it is possible to find a function u ∈ E p 0 such that
We may also assume u ≥ 0 (else replace u by |u|). From Corollary 1 one gets
Let
We have A ⊂ A and by (3) we have
Now we have almost everywhere
in particular |∇v| ≤ 2|∇u| + 2χ A |∇ψ| a.e.
from which one deduces
From (4) and (5) one obtains
Since v ≥ 1 on B and ε is arbitrary, one deduces that Cap p (B) = 0, which contradicts the fact that M is p-hyperbolic.
We may sum up our results so far in 
Proof. The implication (b) ⇒ (c) is obvious and (c) ⇒ (a) is Lemma 1.
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Let us write u as u = (u − u D ) + u D ; using Proposition 1 and Lemma 2, we see that 
